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UNIVERSAL SOLUTIONS FOR FIBER-REINFORCED
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Abstract-Universal solutions for fiber-reinforced incompressible isotropic elastic materials under large elastic
deformations are obtained by inverse methods.

The following deformations are investigated: bending and shearing of a rectangular block; straightening and
shearing of a sector of a circular tube; inflation, eversion, extension, bending and shearing of a sector of a circular
tube.

A discussion is made about the strengthening of the material due to the reinforcement, the sign of the tension
in the fibers and the deformed configuration of the fibers.

1. INTRODUCTION

IN RECENT years, the mechanics of composite materials has been studied extensively in
the framework of linear elasticity. However, for materials which undergo large elastic
deformations, non-linear elasticity models should be used.

The general theory of hyperelastic materials with internal constraints has been de­
veloped by Ericksen and Rivlin [IJ and an exposition of this theory is also contained in
Green and Adkins [2]. Truesdell and Noll [3J presented this theory for general elastic
materials. Rivlin and Adkins [4J and Adkins [5-7J solved several problems of large elastic
deformations of incompressible hyperelastic materials reinforced by discrete layers of in­
extensible cords. Ericksen and Rivlin [IJ have studied large elastic deformations of hyper­
elastic anisotropic materials. Pipkin and Rogers [8J investigated plane deformations of
incompressible fiber-reinforced materials.

Here the case of an incompressible isotropic elastic material reinforced by a system
of thin, flexible, inextensible fibers filling it continuously and completely is considered.
The reinforced body is treated as a material subject to internal constraints according to
the reference [3]. It is attempted to find so-called universal solutions, which are present
independent of the details of the constitutive equation of the material.

Ericksen [9J proved that all possible universal solutions for incompressible isotropic
elastic materials can be classified into six families. However, Singh and Pipkin [IOJ later
found one more such family.

It is of interest to attack the problem of determining all possible universal solutions of
an incompressible isotropic elastic material reinforced by a system of fibers. Here, how­
ever, we deal only with the problem of constructing by inverse methods certain universal
solutions which, we expect, will contribute to the understanding of the behavior of fiber­
reinforced composite materials under large elastic deformations.

* Graduate student.
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To this end the following deformations are investigated in detail: bending and shearing
of a rectangular block: straightening and shearing of a sector of a circular tube: inflation
eversion, extension, torsion, bending and shearing of a sector of a circular tube.

The engineering objective of introducing systems of fibers into a material is to generate
additional strength in the composite material. The influence of the reinforcement on the
various deformations considered here is discussed and the cases where the contribution
is significant are recognized. A measure of the significance of the reinforcement for a given
deformation is the ratio of the maximum extra stress to the fiber tension.

It is found that, depending on the deformation and the arrangement of fibers, the
contribution of the reinforcement can be significant as e.g. in bending and extension of a
sector of a circular tube reinforced with fibers along the R direction, or weak as e.g. in
torsion of a circular tube reinforced with concentric rings of fibers. The two extremes of
rendering the body rigid (as e.g. in inflation of a circular tube reinforced with concentric
rings), or not strengthening it at all (as e.g. in extension of a circular tube reinforced by two
sets of fibers of helical path) also appear.

Since the fibers are thin and flexible, their tension must be positive to avoid possible
buckling. Thus an investigation of the sign of the tension in the fibers is made for the
various deformations. It appears that in the case of torsion of a circular tube reinforced
with concentric rings or radially as well as in the case of shearing of a sector of a circular
tube radially reinforced the fiber tension is always positive. In all the other cases the re­
inforcement can be positive under appropriate conditions on the various constants of the
deformation and the response coefficients.

2. EQUILIBRIUM AND CONSTITUTIVE EQUATIONS

In this paper we deal with deformations of rectangular blocks and circular tubes. In
accordance, Cartesian and cylindrical coordinate systems are used in our analysis. In the
latter case the equilibrium equations, in the absence of body forces, take the form

to,. + t~,8 + to,z + rt~ = 0,

(2.1)

A static configuration of the body is determined by the invertible transformation

(2.2)

The deformation gradient F~ is defined as

(2.3)

* Here and throughout, Greek indices refer to material coordinates X", Latin to the spatial coordinates Xi,

summation convention is used and, indicates differentiation.
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and the right and left Cauchy-Green deformation tensors are given by

CaP = gijF~Fb,

B i - G'PFkFi
j - gjk , p'

(2.4)

(2.5)

Here Gap and gij are the metric tensors in the reference and present configuration,
respectively.

The constitutive equation for a homogeneous incompressible fiber-reinforced isotropic
elastic material takes the form (e.g. [3, Sections 30, 49J)

with

t i ~i + /3 B i + /3 (B - l)i N i
j = -PUj 1 j -1 j- j'

N i - FkFi a P
j - qgjk , pe e .

(2.6)

(2.7)

The hydrostatic pressure P in (2.6) and the scalar factor q in (2.7) are, in general, scalar
functions of x a

• The response coefficients /31 and /3_1in (2.6) are functions of the first two
principal invariants of the matrix B~ and they satisfy the inequalities [3J

/31 > 0, /3-1 S 0. (2.8)

Finally, in (2.7), e is a unit vector field on the reference configuration tangential at every
point to the fiber passing from this point.

The incompressibility and inextensibility conditions are

and

det[B~J = 1 (2.9)

(2.10)

respectively [3].
In elasticity, it is customary to use physical rather than tensor components of stress.

These are given in terms of the tensor components as follows for a cylindrical system of
co-ordinates:

t - 0
<00) - to,

3. BENDING AND SHEARING OF A RECTANGULAR BLOCK
REINFORCED WITH FIBERS ALONG THE Z DIRECTION

The reference configuration of the body is referred to a Cartesian co-ordinate system
X, Y, Z, while the present configuration to a cylindrical system r, e, z.

Deformations of the following type are considered:

r = r(X), e=AY, Z = BZ-CY, (3.1)

where the constants A, Band C correspond to bending, stretching and shearing,
respectively.
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The block in its natural state is bounded by the planes X = Xl' X = X 2 (X 2 > X d,
Y = ±band Z = ± rx, while in the present configuration the strained block is bounded
by the curved surfaces r = r 1 = r(X 1), r = r2 = r(X2), the planes 8 = ±8o = ±Ab and
the helicoidal surfaces z = BZ - C Y = ± Brx - (C/A)8.

A simple computation yields the Cauchy-Green tensors:

r'
0 _:+r-

[C,,] ~ ~ C2+r2A2

-BC B2

l"
0

o ]
x

[B~] = ~ r2A2 -AC

-r2AC B2+C2

I
, 0 0

rx

[(B-l)~J= 0
B2+C2 C

r2A2B2 r2AB2

C 1
0

AB2 B2

The incompressibility condition (2.9) becomes

, 2
r- = ABX +N,

(3.2)

(3.3)

(3.4)

(3.5)

where N is a constant of integration.
Reinforcement along the Z direction is considered only,* in which case the inexten­

sibility condition (2.10) yields

Thus (3.1) takes the form

(3.6)

fI = A Y, ::=Z-CY, (3.7)

with

2
-X+N > O.
A

The constitutive equation (2.6) reduces to

[

1 0 0] [0
t~ = -p 0 1 0 +f31[B~]+f3_1[(B-l)~J-q 0

o 0 1 0

o 0]o 0,

o 1

(3.8)

where p and q are, in general, functions of r, 0, z, while f31 and f3 _1are functions of r only.

• Reinforcement along the X or Y directions is incompatible with the deformation (3.1).
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The equilibrium equations (2.1) become

op 0 (1 22) 1[ (1 2 2) (2 2 1+C
2

) J- or+or13tA2r2+13-IAr +~ 131 A 2r2- rA +13-1 Ar - A2r2 =0
(3.9)

Integrating (3.9)1 and using the condition [t~Jr=rl = 0, it is found that

1 22 fr 1[ (1 22) (22 I+C
2)Jp(r) = 131----z2+13- l r A + - 131 ---z2-r A +13-1 A r --2-' dr.

A r r, r r A A r-
(3.10)

The imposed condition that the z component P= of the traction on the helicoidal surface
z = Z - CY vanishes, yields

q(r) = -p(rl+131 +fLI( 1+ A~:2)' (3.11)

The above expressions for p and q satisfy (3.9h and (3.9h.
The constants A, C and N are computed by imposing the conditions [t~Jr=rl = 0,

Fe = °and Se = 0, where Fe is the () component of the force on the helicoidal surface and
Se is the shearing force on the planes () = ± ()o. Existence of solution depends, of course,
on the nature of the 131 and 13 - I .

The block is kept in its deformed state by exerting the tractions Pe on the helicoidal
surface and t(ee> and t(ez> on the planes () = ± ()o·

The nonzero components of stress are

1 2 2
t(rr> = - p(r)+ 131 A2r2+ 13- IA r ,

22 1+ C
2

t(ee> = -p(rl+13IA r +13-1 A2r2 '

C2

t(=z> = 13I C2 -13_1 A2r2'

The fiber tension which equals q and the maximum extra stress t(ee> are of the same
order of magnitude with respect to the constants A and C and hence the contribution of
the reinforcement is significant here. The fiber tension q can be positive under appropriate
conditions. The fibers in the strained state remain along the Z direction.

4. STRAIGHTENING AND SHEARING OF A SECTOR OF A CIRCULAR
TUBE REINFORCED WITH FIBERS ALONG THE Z DIRECTION

The reference configuration of the body is referred to a cylindrical co-ordinate system
R, e, Z, while the present configuration to a Cartesian system x, y, z.
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Deformations of the following type are considered:

x =x(R), v = Ae. , z = BZ+Ce, (4.1)

where the constants A, Band C correspond to straightening, stretching and shearing,
respectively.

The sector of the circular tube in its natural state is bounded by the curved surfaces
R = R I, R = Rz(Rz > R I) and the planes e = ±eo and Z = ±a, while in the present
configuration the strained block is bounded by the planes x = XI = x(R I ), X = X z = x(R z),
y = ±b = ±Aeo and z = BZ + ce = ±Ba+(C/A)y.

The method of solution is very similar to that employed in the previous section and
therefore only the results of our analysis will be presented.

The deformation is

y = Ae, z = z+ce (4.2)

and the fiber tension and the nonzero stresses are given by

q(x) = -13I(~~-I)-f3-I(~~- ~~-1),

(
A

Z
RZ) (RZ+C

Z
A

Z
)

t(yy)=f31 RZ-Az +f3-1 AZ RZ '

AC C
t(yz) = 131?-13-I A'

CZ CZ

t(zz) = 131 Rz-13-1 AZ'

The constants A, C and N are computed by imposing the conditions Ny = 0, Sy = 0
and Fy = 0, where Ny and Sy are the normal and the shearing force on the planes y = ±b
and Fy is the y component of the force on the plane z = Z +ceo

The body is kept in its deformed state by the tractions Py on the plane z = Z +ce
and the t (yy) and t (zy) on the planes y = ± b.

The contribution of the reinforcement in this deformation is significant and the fiber
tension is positive provided that R z < AZ/.J(Az+Cz). The fibers in the strained state
remain straight along the Z direction.

5. INFLATION EVERSION EXTENSION TORSION BENDING AND
SHEARING OF A SECTOR OF A CIRCULAR TUBE

Both the reference and the present configuration of the body are referred to cylindrical
co-ordinate systems R, e, Z and r, fI, z, respectively.

Deformations of the following type are considered:

r = r(R), fI = Ce+DZ, z = Ee+FZ, (5.1)

where the constants C, D, E and F correspond to bending, torsion, shearing and extension,
respectively. Inflation and eversion are described by the relation r = r(R) in (5.1).
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The body in its natural state is bounded by the curved surfaces R = R t , R = R2(R2 > R I )

and the planes 0 = ±0 0 and Z = ±L, while in the present configuration the strained body
is bounded by the curved surfaces r = r l = r(Rtl, r = r2 = r(R2) and the helicoidal sur­
faces 8 = C0+DZ = (± C+ DE/F)00 + (D/F)z and z = E0+FZ = (±F+DE/C)L.

A simple computation yields the tensors Cap, B~ and (B -I)~.

The incompressibility condition (2.9) takes the form

r=J(AR2+B), A(CF-DE) = 1, (5.2)

where A and B are constants such that AR2+B > O.
Deformations (5.1) are studied for the following types of fiber-reinforcement:

(I) Fibers along the R direction

The inextensibility condition (2.10) takes the form

r=R+K, (5.3)

where K is a constant.
In view of (5.2) and (5.3), (5.1) yield

r=R, 8=C0+DZ, z = E0+FZ, CF-DE = 1. (5.4)

The equilibrium equations (2.1) take the form

op 0 oq q 1[ 2 2 2 (R
2
F

2+E
2
) ]

- or + or (f31 + f3 - tl- or - ~ + ~ f31 (l - C - r D )+ f3 ~ I 1 - r 2 = 0,

op op
08 = 0, 02 = O.

(5.5)

(5.6)

Imposing the condition Pz = 0, where Pz is the z component of the traction on the
helicoidal surface z = E0 +FZ, we compute

(
EDF) ( E

2
EDFR

2
)p(r) = f31 F2- C +f3-1 C2+R2D2+-;:z+ Cr2

and thus (5.5) I' after an integration and use of the boundary condition [f,Jr ='2 = 0, yields

with

op 0 [2 2 2 (cjJ(r) = r or -r or(f31 +f3-tl- f31(l-C -r D )+f3-1 1

(5.7)

(5.8)

More specifically, for each particular type of deformation one draws the following
conclusions.

(a) Inflation (C = F = 1, D = E = 0), Eversion (C = 1, D = E = 0, A < 0, F < 0)
and Extension (C = 1, D = E = 0) are impossible.*

(b) Torsion (C = F = 1, E = 0).
Equations (5.4) reduce to

r=R, ()=0+DZ, z=z. (5.9)

* Actually, this reinforcement renders the body rigid for inflation or extension, while it renders eversion
impossible.
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The fiber tension which equals q is

D. E. BESKOS

q(r) = D2U1'2 [r :r(/L1r2)+plr2J dr-
r
}(P_tlr=r2}

The torsion is produced by an assigned torque M z and an internal pressure P com­
puted from the condition [t~Jr=rl = -Po The expression of the torque M z due to the stress
t(ez> serves to compute the constant D.

The nonzero components of the stress are

t<rr> = -P_l r2D2 -q(r),

t(ee> = D2r2(pl - 13-1)'

t(ez> = rD(pl-p-d·

The maximum extra stress t(ez> is found to be proportional to D, while the fiber tension
q proportional to D2 and hence the contribution of the reinforcement is weak for small
values ofD. The fiber tension q can be positive under appropriate conditions on the response
coefficients PI and 13-1; however, for the special case of the Neo-Hookean solid (PI = J1 > 0,
13 - 1 = 0) q is always positive. The fibers in the strained state remain at the same level but
experience a rotation DZ.

(c) Bending and extension (D = E = 0).
Equations (5.4) reduce to

r = R, () = C8,
1

~ --z
~ - C . (5.10)

The constant C is computed by imposing the condition [t~Jr=rl = 0 and the deformation
is produced by a bending moment Me, which is due to the stress t<ee> and acts on the planes
()= ±C80 ·

The fiber tension which equals q and the nonzero stresses reduce to

[ 2 r2
( 1 2)J [ 1 r2

( 2 I)Jq(r) = -PI C -1+-;:- C2-C -13-1 C2- 1+-;:- C - C2

t<rr> = pl( 1- ~2) +p_l(1-C2)-q(r),

t<oo> = (pl-p-d( C
2

_ ;2).

The fiber tension q is positive provided that C > 1. The maximum extra stress t(ee>
and the fiber tension q are of the same order of magnitude with respect to C and hence the
contribution of the reinforcement is significant. The fibers in the strained state remain
radial straight lines but they change level and experience a rotation (C-l)8.

(d) Shearing (C = F = 1, D = 0)
Equations (5.4) reduce to

r = R, z = E8+Z. (5.11 )

The deformation is produced by an assigned traction Pe on the helicoidal surface
z = E8 + Z and a traction t<ez> on the planes () = ± 8 0 .
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The constant E is computed from the equation

rE
Po = .)(r2 + E2 ) (/31 - /3-1)'

The fiber tension which equals q and the nonzero stresses are

E2

q(r) = -/3-12'r

The maximum extra stress t(zz> and the fiber tension q are of the same order ofmagnitude
with respect to E and this case the contribution of the reinforcement is significant; how­
ever, for small values of E, the maximum extra stress is t(oz> and the reinforcement is weak.
The sign of the fiber tension q is always positive on account of (2.8). The fibers in the strained
state change their level by E0.

(II) Fibers along the 0 direction

Following the method used in the previous case we conclude that the deformation is

with

() = C0+DZ, z = E0+FZ, (5.12)

CF-DE = C2
,

(5.13)

Using the condition t~ = 0,* the hydrostatic pressure p and the fiber tension which is
q apart from a positive scalar factor take the form

R 2 C4 r2

p(r) = /31 C4r2 + /3-17'

(5.14)

More specifically, for each particular type of deformation, one draws the following
conclusions.

(a) As before, inflation, extension and eversion are impossible.
(b) Torsion (C = F = 1, E = 0)
Equations (5.12) reduce to

r = R, () = 0+DZ, z = Z. (5.15)

The deformation is produced by an assigned torque Mz and an axial force due to the
stress t (zz >.

The constant D is computed from the expression for the torque M z due to the
stress t(o=>.

The fiber tension which equals q and the nonzero stresses are given by

• This condition implies that t: = O.

t(Oz> = rD(/31 - /3-1)' - /3 D 2 2t(zz> - - 1 r.
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The reinforcement in this case strengthens the material slightly for small values of D.
The sign of q in this case is always positive. The fibers shaped as concentric rings experience
only a rigid rotation DZ during the deformation.

(c) Bending and extension (D = E = 0)
Equations (5.12) reduce to

1
r =-RC ' () = C8, z = Cz. (5.16)

The deformation is produced by an assigned traction t<zz> and the constant C is com­
puted from the following expression for t<zz>'

t<zz> = (!31-f3-d(C2- ~2)'
The t(zz> is the only nonzero stress here; the fiber tension which equals q is given by

q = -f31(~2-1)-f3_1(C2_1)

(5.17)
z = Z+E8,() = 8,

and is positive for C > 1. The contribution of the reinforcement is here significant.
The undeformed fibers shaped as circular arcs change level and curvature during

deformation.
(d) Shearing (C = F = 1, D = 0)
Equations (5.12) reduce to

r = .J(R2
- E2

),

R-E > O.

The constant E is computed by imposing the condition Fo = 0, where Fo is the () com­
ponent of force on the helicoidal surface z = Z + E8. The deformation is produced by the
tractions Po and Pz on the helicoidal surface and the traction t(oz> on the planes () = ± 8 0 ,

The scalar factor q and the nonzero stresses are given by

The contribution of the reinforcement is significant here and q can be positive under
appropriate conditions. The fibers, originally shaped as circular arcs, change curvature
and take helicoidal shape.

(III) Fibers along the Z direction

Following the method used in the first case we conclude that the deformation is

r = ~(AR2 +B),

AC = ± 1,

() = e8, z = E8±Z,
(5.18)



(5.19)

Universal solutions for fiber-reinforced incompressible isotropic elastic materials 563

with the minus sign corresponding to eversion. The hydrostatic pressure p and the fiber
tension which equals q are given by

A
2
R

2
r

2 f'2 1
p(r) = /31 --;:z+ /3-1 A2R I - , -;:cP(r) dr

with

(5.20)

More specifically, for each particular type of deformation, one draws the following
conclusions.

(a) ltiflation (C = F = 1, D = E = 0)
Equations (5.18) reduce to

() = 8, z = Z, (5.21)

The deformation is produced by an assigned internal pressure P, for a complete tube,
and the constant B is computed from the condition [t~], =" = - P.

The fiber tension which equals q and the nonzero stresses are

q(r) = -p(r)+/31 +/3-1'

R 2 r 2

t<rr> = - p(r)+ /317+ /3-1 R 2'

The contribution of the reinforcement is significant in this case and q can be positive
under appropriate conditions. The fibers in the strained state remain vertical and they
move only in the radial direction.

(b) Eversion (C = 1, D = E = 0, A < 0, F < 0)
Equations (5.18) reduce to

() = 8, z = -Z, B-R2 > O. (5.22)

The complete tube is turned inside out and it is free of tractions after the deformation
has occurred.

Imposing the condition [t~Jr='l = 0, the constant B can be computed. The stresses
have the same form as in the case of inflation and remarks on the character of the reinforce­
ment analogous to those stated before for inflation hold here also.

(c) Extension and torsion are impossible here.
(d) Bending (D = E = 0)
Equations (5.18) reduce to

() = C8, z = Z, (5.23)
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The deformation is produced by an assigned bending moment Mo. The constants C
and B are computed by imposing the condition (t~Jr=rl = 0 and using the expression of
M0 in terms of t(OO)'

The fiber tension which equals q and the nonzero stresses are

q(r) = -p(rl+131 +{3 l'

R2 r2C2
t<rr) = - p(rl+ 131 r2C2 +{L 17'

The contribution of the reinforcement is here significant and the q can be positive
under appropriate conditions. The fibers remain vertical but move in the radial direction
as well as along the circumference.

(e) Shearing (C = F = 1, D = 0)
Equations (5.18) reduce to

e= 0, z = Z+E0, R 2 + B > O. (5.24)

The constants E and B are computed by imposing the conditions [[~Jr=rl = 0 and
Fo = O. The deformation is then produced by the tractions Po on the helicoidal surface and
t (00) and t (Oz) on the planes e ± 0 0 ,

The fiber tension q and the nonzero stresses are

q(r) = -p(rl+131 +13-1( 1+ ~:),

R 2 r2

[(rr) = -p(r)+131 +13-1 R2'

r2 R2+E2
[(00) = -p(r)+ 131 R2+13-1 r2 '

r 1
t(oz) = 131 R2E-~13-1E.

The contribution of the reinforcement is significant and q can be positive under ap­
propriate conditions. The fibers move in the radial and vertical direction.

(IV) Two sets offibers ofhelical path symmetrically inclined at an angle ex to the Z direction
The two sets of fibers form angles + ex and - ex with the Z direction and the inex­

tensibility condition (2.10), with e = {O, ±(sin exIR), cos ex}, takes the form

(5.25)
D=E=O,

for both sets of fibers.
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. sin (X

j, = FJ(I- F Z cosz IX)'

Equations (5.1) yield

r = AR, e = ce, z = FZ,

F( 1- F Z cosz
(X)

C = sinz (X ,
(5.26)

(5.30)

(5.29)

1
cos IX < -.

F
The tensor N~ is given by

N~ = (N~)+ +(N~)-,

where (N~) + and (N~) - correspond to the angles + IX and -IX of the two sets of fibers with
scalars q+ and q-, respectively. Since D = E = 0, torsion and shearing are impossible and
the remaining deformations being axially symmetric, it should be q + = q - = q and

[N~J = q r~ 2),ZCZoSinZ IX ~]. (5.27)

lo ° 2F
z

cos
2

(X

The constitutive equation (2.6) is used, with N~ given by (5.27) and the equilibrium
equations (2.1) take the form

- ~~ + 2A2C
Z

sin
2

IX ~ + ~[p IA
2
(l- C

Z
)+ P- I ;z (1-dz)J= 0,

op 2 'Z Z . Z oq °--- A C Sill (X- = (5.28)oe oe '

_ op-2Fz cosz (X0q = O.
oz oz

Imposing the condition t~ = 0,* p is found to be a constant

R 'Z 1
p = PIA +P-I~'

A

Equation (5.28)1 is then solved for q,

1 [z Z 1 ( 1 )Jq= -2AZCZsinz (X PIA (I-C )+P-IAz l- Cz .

Equations (5.28lz and (5.28h are automatically satisfied.
More specifically, for each particular type of deformation one draws the following

conclusions.
(a) Inflation, eversion, torsion and shearing are impossible.
(b) Extension (C = 1, D = E = 0)
Equations (5.26) reduce to

r = AR,

* This condition implies that t: is also zero.

e = e, z = FZ,
(5.31)
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Equation (5.31)4 can be solved for F and hence.le can be obtained from (5.26)4'
From (5.30) it is found that q = O.
For a complete tube, extension is produced by the traction t(zz>' the only nonzero

stress here, given by

2 2 (1 1)t(zz> = !31(F -.Ie l+!3-1 F2 - .le2 .

The reinforcement here does not strengthen the material at all i.e. the universal solution
of the unconstrained material has been recovered. The deformed fibers have helicoidal
shape but with different angle.

(c) Bending and extension (D = E = 0)
The deformation is defined by (5.26) and is produced by an assigned traction t(zz> the

only nonzero stress, given by

(5.32)

Equation (5.32) is used to compute the constant F.
The contribution of the reinforcement is here significant and q is positive for C > 1.

The deformed fibers have helicoidal shape but the inclination angle is different than rx.

6. CONCLUSIONS

All universal solutions determined here correspond to deformations which generate
universal solutions even in the incompressible but otherwise unconstrained case. How­
ever, the addition of fiber reinforcement yields additional freedom which is reflected in the
possibility of satisfying a greater number of boundary conditions.

The strengthening of the fiber-reinforced material is found significant for the following
deformations: bending and shearing ofa rectangular block with fibers along the Z direction;
straightening and shearing of a sector of a circular tube with fibers along the Z direction;
bending and extension of a sector of a circular tube radially reinforced; bending and ex­
tension and shearing of a sector of a circular tube with fibers along the E> direction; in­
flation, eversion of a circular tube and bending and shearing of a sector of a circular tube
with fibers along the Z direction; bending and extension of a sector of a circular tube with
two sets of fibers of helical path.
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A6cTpaKT-Ha OCHOBe MeTOLla I1HBepCI1f1 rrOJlY'faIOTClI YHI1BepCaJlbHble pe3YJlbTaTbI LlJlll YCflJleHHblX
BOJlOKHaMfI HeClKflMaeMblX, fl30TponHblx, yrrpyrflx MaTepflaJlOB, rrOLl BJlflllHl1eM 60JlblllflX, ynpyrflx
Llelj>opMal.\flH.

].1cCJleLlYIOTclI CJleLlYIOll.\fle Llelj>opMal.\flfI: fl3m6 fI CLlBflr rrpllMoyroJlbHOrO 6pyca; BbIIIpllMJleHlie Ii

CLlBlir ceKTopa KpyrJlOH Tpy6bI; Bcny'fMBaHlie, np0ll.\eJlKliBaHlie, YLlJlIIHeHlle, 113rfl6 fI CLlBlir ceKTopa
KpymoH Tpy6bI.

06cYlKLlaeTclI Borrpoc yKpenJleHlIlI MaTepl1aJla BCJleLlCTBlle apMllpoBKfI, np111HaK HarrplllKeHHoro
COCTOSlHlIlI B BOJlOKHaX II Llelj>opMl1pOBaHHall KOHlj>lIrypalll1S1 BOJlOKOH.


